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Abstract. This paper presents several results on the Fatou property of qua-
siconvex law-invariant functionals defined on a rearrangement invariant space
X . First, we show that for any proper quasiconvex law-invariant functional ρ
on X , the Fatou property, σ(X ,X∼n )-lower semicontinuity and σ(X , L∞)-lower
semicontinuity of ρ are equivalent, where X∼n is the order continuous dual of X .
Second, we provide some relations between the Fatou property and some other
types of lower semicontinuity, namely norm lower semicontinuity and the strong
Fatou property. In particular, we show that when X 6= L1, the strong Fatou
property and the Fatou property coincide. Finally, we generalize some extension
results by Gao et al. [9] to a general rearrangement invariant space.
1. Introduction
1.1. Background and motivations. In the theory of risk measures, the admit-
tance of Fenchel-Moreau dual representation of a risk measure is one of important
topics that has been intensively studied recently (see, e.g., [2, 5, 9, 10, 13, 19]).
In the general setting, the Fenchel-Moreau formula asserts that a proper convex
functional ρ on a locally convex topological space (X , τ) admits a dual represen-
tation via the topological dual (X , τ)∗ if and only if ρ is τ -lower semicontinuous,
i.e., the sublevel set {ρ ≤ λ} := {f ∈ X : ρ(f) ≤ λ} is τ -closed for every λ ∈ R
([3, Theorem 1.11]). In this context, it is desirable to have a practical criterion
that would imply (or be equivalent to) τ -lower semicontinuity. When X = L∞,
it has been known since [5] that a proper convex functional ρ on X admits the
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Fenchel-Moreau dual representation via X∼n = L1 whenever ρ has the Fatou prop-
erty, i.e., ρ(f) ≤ lim infn ρ(fn) whenever {fn} order converges to f in X . When
X is an Orlicz space over a nonatomic probability space, Gao et al. [10] showed
that a proper convex functional on X with the Fatou property may not admit
the Fenchel-Moreau dual representation via X∼n . In fact, it was shown that every
proper convex functional ρ with the Fatou property on an Orlicz space X admits
the Fenchel-Moreau dual representation via X∼n if and only if either X or X∼n is
order continuous.
Recall that an Orlicz space is a type of rearrangement invariant (r.i.) space.
In many practical applications, one is concerned with law-invariant risk measures
on r.i. spaces (see, e.g., [4, 8, 9, 15, 17, 21]). For a proper convex law-invariant
functional on an Orlicz space X , the Fatou property does imply the Fenchel-Moreau
dual representation via X∼n ([9]). The proof relies on the equivalence between order
closedness and σ(X ,X∼n )-closedness of law-invariant convex sets in the Orlicz space
X . One of the main results of the present paper extends this to general r.i. spaces.
We organize our paper as follows. In Section 2, we show that for an r.i. space
X , order closedness, σ(X ,X∼n )-closedness and σ(X , L∞)-closedness of law-invariant
convex sets in X are equivalent. In Section 3, we apply the above equivalence to
obtain the equivalence between the Fatou property, σ(X ,X∼n ) and σ(X , L∞)-lower
semicontinuity of any proper quasiconvex law-invariant functional on X . This
shows that the Fatou property still guarantees the Fenchel-Moreau dual represen-
tation for any proper convex law-invariant functional on a general r.i space. We
also prove some characterizations of the equivalence between the Fatou property
and other types of lower semicontinuity, namely norm lower semicontinuity and the
strong Fatou property. In addition, we provide some generalizations of extension
results by Gao et al. [9] to a general r.i. space.
1.2. Basic definitions and facts. Throughout this paper, we always work on a
nonatomic probability space (Ω,Σ, µ). Let L0 = L0(Ω,Σ, µ) be the vector lattice of
all (equivalence classes with respect to equality a.e. of) real measurable functions
on Ω. A Banach function space X over Ω is an ideal of L0 endowed with a complete
norm such that ‖f‖X ≤ ‖g‖X whenever f, g ∈ X and |f | ≤ |g|.
A sequence {fn} in X is said to order converge to f ∈ X , written as fn o−→ f ,
if fn
a.e.−−→ f and there exists h ∈ X such that |f | ≤ h for every n. The order
continuous dual X∼n of X is the collection of all linear functionals ϕ on X such
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that ϕ(fn) → 0 whenever fn o−→ 0. Note that X∼n is an ideal in the norm dual
X ∗ of X . Denote by Xa the order continuous part of X , i.e., the set of all f ∈ X
such that ‖fχAn‖X → 0 whenever An ↓ ∅. A Banach function space X is order
continuous if Xa = X , or equivalently, X∼n = X ∗ ([18, Theorem 2.4.2]). The order
continuous dual X∼n is isometrically isomorphic to the associated space X ′ of X ,
i.e., the space of all g ∈ L0 such that the associate norm
‖g‖X ′ = sup
{∫
Ω
fgdµ : ‖f‖X ≤ 1
}
is finite ([18, Theorem 2.6.4]). We will identifty X∼n with the Banach function
space X ′.
A net {fα} in X is said to uo-converge to f ∈ X , we write fα uo−→ 0, if |fα−f |∧h o−→
0 for all h ∈ X+. Note that the uo-convergence of a sequence in X is equivalent
to a.e.-convergence. The uo-dual X∼uo of X is the collection of all linear functionals
ϕ on X such that ϕ(fα) → 0 whenever fα uo−→ 0 and {fα} is norm bounded.
For any Banach function space X , X∼uo is the order continuous part of X∼n , i.e.,
X∼uo = (X∼n )a ([11, Theorem 2.3.]). See [11, 12, 14] for more details on the concepts
of uo-convergence and uo-dual.
A rearrangement invariant (r.i.) space X is a Banach function space over Ω such
that X 6= {0} and for every g ∈ L0, g ∈ X and ‖g‖X = ‖f‖X whenever g has
the same distribution as some f ∈ X . For any r.i. space X , L∞ ⊆ X ⊆ L1 ([1,
Corollary 6.7, p. 78]). Since X∼n is an r.i. space ([1, Proposition 4.2, p. 59]), we
also have L∞ ⊆ X∼n ⊆ L1. A set E in an r.i space X is said to be law-invariant if
g ∈ E for every g ∈ X that has the same distribution as some f ∈ E.
We refer to [1, 18, 16]1 for more details on Banach function spaces and rearrange-
ment invariant spaces.
For the rest of the paper, we always assume that X is an r.i. space. We say that
a functional ρ : X → (−∞,∞] is proper if it is not identically ∞. A functional
ρ : X → (−∞,∞] is convex if ρ(λf+(1−λ)g) ≤ λρ(f)+(1−λ)ρ(g) for any f, g ∈ X
and λ ∈ [0, 1]. It is quasiconvex if the sublevel set {ρ ≤ λ} is convex for every
λ ∈ R. Moreover, ρ is called law-invariant if ρ(f) = ρ(g) whenever f and g have
the same distribution. Note that ρ is law-invariant if and only if each sublevel set
1In [1], all Banach function spaces X are assumed to satisfy the following condition: f ∈ X
and ‖f‖X = supn ‖fn‖X whenever {fn} is an increasing norm bounded sequence in X+ and f is
the pointwise limit of {fn}. The results we cite from [1] remain true without assuming this extra
condition.
4 M. TANTRAWAN AND D. LEUNG
{ρ ≤ λ} is law-invariant. A functional ρ : X → (−∞,∞] is monotone (decreasing)
if ρ(f) ≤ ρ(g) for all f, g ∈ X with f ≥ g. A cash-additive risk measure is a
monotone functional ρ : X → (−∞,∞] that satisfies ρ(f + mχΩ) = ρ(f) −m for
all f ∈ X and m ∈ R. A cash-additive risk measure is said to be coherent if it is
proper, convex and positively homogeneous, i.e., ρ(λf) = λρ(f) for all f ∈ X and
λ ≥ 0. Two known examples of cash-additive risk measures are the Value-at-Risk
at level α ∈ (0, 1) and the Expected Shortfall at level α ∈ (0, 1]. For α ∈ (0, 1),
the Value-at-Risk at level α is defined by
Varα(f) = inf{m ∈ R : µ(f +m < 0) ≤ α}, f ∈ L0.
The Expected Shortfall at level α ∈ (0, 1] is defined by
ESα(f) =
1
α
∫ α
0
Varβ(f)dβ, f ∈ L1.
For more details on risk measures see [5] and [7].
2. Closedness of law-invariant convex sets
In this section, we show that for a law-invariant convex set in an r.i. space X ,
σ(X ,X∼n )-closedness, σ(X , L∞)-closedness and order closedness are all equivalent.
Recall that E ⊆ X is order closed if its order closure
E
o
= {f ∈ X : ∃{fn} ⊆ E s.t. fn o−→ f}
is equal to E itself. Observe that for any E ⊆ X , Eo ⊆ Eσ(X ,X∼n ) ⊆ Eσ(X ,L∞).
Hence, every σ(X , L∞)-closed set is σ(X ,X∼n )-closed and every σ(X ,X∼n )-closed
set is order closed.
We will write pi to denote a finite measurable partition of Ω whose members
have non-zero measures. Denote by σ(pi) the finite σ-subalgebra generated by pi.
For any f ∈ X ,
E[f |pi] := E[f |σ(pi)] =
n∑
i=1
∫
Ω
fχAidµ
µ(Ai)
χ
Ai ∈ L∞,
where pi = {A1, A2, . . . , An}. The collection Π of all such pi’s is directed by refine-
ment. It is known that for any f ∈ L∞, E[f |pi] ‖·‖∞−−→ f (see [15] and [21]).
Proposition 2.1. For every f ∈ X , there exist sequences {pin} ⊆ Π and {fn} ⊆ X
such that 0 ≤ |fn| ≤ |f | for every n, E[f − fn|pin] o−→ f and E[fn|pin] σ(X ,X
∼
n )−−−−−→ 0.
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Proof. Let f ∈ X . Put fn = fχ{|f |>n} for every n. Observe that f − fn ∈ L∞ for
every n. Then we can find pin ∈ Π such that
‖E[f − fn|pin]− (f − fn)‖∞ ≤
1
n
for every n. It follows that E[f − fn|pin]− (f − fn) o−→ 0. Since fn o−→ 0, we obtain
that E[f − fn|pin] o−→ f .
For any h ∈ L0, denote by h∗ : [0,∞) → R the decreasing rearrangement of h,
that is,
h∗(t) = inf{λ : µ({x ∈ Ω : |h(x)| > λ}) ≤ t}, t ≥ 0.
By [1, Proposition 3.7, p. 57],∫ a
0
(E[fn|pin])∗ (t)dt ≤
∫ a
0
(fn)
∗ (t)dt
for any a ∈ [0, 1]. Let g ∈ X∼n . From Hardy’s Lemma ([1, Proposition 3.6, p. 56]),
we have that ∫ 1
0
(E[fn|pin])∗ (t)g∗(t)dt ≤
∫ 1
0
(fn)
∗ (t)g∗(t)dt.
Since fn
a.e.−−→ 0 and |fn| ≤ |f |, we see that f ∗n a.e.−−→ 0 and 0 ≤ f ∗n ≤ f ∗ (see properties
2◦ and 12◦ in [16, pp. 63-67]). Since X is an r.i. space, ∫ 1
0
f ∗(t)g∗(t)dt < ∞.
By Hardy-Littlewood inequality ([1, Proposition 2.2, p. 44]) and the dominated
convergence theorem, we obtain that∣∣∣∣∫
Ω
E[fn|pin]gdµ
∣∣∣∣ ≤ ∫ 1
0
(E[fn|pin])∗ (t)g∗(t)dt
≤
∫ 1
0
(fn)
∗ (t)g∗(t)dt→ 0.
Thus, we conclude that E[fn|pin] σ(X ,X
∼
n )−−−−−→ 0. 
Observe that the following properties hold for any r.i. space X .
Lemma 2.2.
(1) Either X = L∞ or L∞ ⊆ Xa.
(2) Either X = L1 or L∞ ⊆ X∼uo.
Proof. Both are consequences of [4, Lemma A.2]. For the sake of completeness,
we provide the proof. Suppose that L∞ 6⊆ Xa. Then χΩ /∈ Xa. This means that
limµ(A)→0 ‖χA‖X > 0. By [4, Lemma A.2], we conclude that X = L∞. Similarly, if
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L∞ 6⊆ X∼uo, we have that χΩ /∈ X∼uo = (X∼n )a and hence, limµ(A)→0 ‖χA‖X∼n > 0. By
[4, Lemma A.2], X∼n = L∞ with equivalence of norms. Clearly, X 6= L∞. By the
first part, L∞ ⊆ Xa and hence, (Xa)∼n = (Xa)∗ = X∼n = L∞ by ([1, Corollary 4.2,
p. 23]). Since (Xa)∗ is isomorphic to the abstract M -space L∞, Xa is isomorphic to
an abstract L-space by [18, Proposition 1.4.7]. It follows from [20, Proposition 8.2,
p. 113] that Xa is monotonically complete, i.e., supα fα ∈ X for every increasing
norm bounded net {fα} in X+. Hence, Xa = ((Xa)∼n )∼n = L1 by [18, Theorem
2.4.22]. Since L1 = Xa ⊆ X ⊆ L1, we conclude that X = L1. 
Using Proposition 2.1, Lemma 2.2 and [4, Proposition 2], we obtain the following
generalization of [9, Corollary 4.5] from the class of Orlicz spaces to all r.i. spaces.
Theorem 2.3. Let C be a convex order closed law-invariant set in X . Then f ∈ C
if and only if E[f |pi] ∈ C for any pi ∈ Π.
Proof. Suppose that f ∈ X and E[f |pi] ∈ C for any pi ∈ Π. From Lemma 2.2, we
consider 2 cases.
• Case 1: X = L∞. Then there exists {pin} ⊆ Π such that E[f |pin] o−→ f .
Since C is order closed, we deduce that f ∈ C.
• Case 2: L∞ ⊆ Xa. By Proposition 2.1, there exist sequences {pin} ⊆ Π
and {fn} ⊆ X such that 0 ≤ |fn| ≤ |f | for every n, E[f − fn|pin] o−→ f
and E[fn|pin] σ(X ,X
∼
n )−−−−−→ 0. Observe that E[fn|pin] ∈ L∞ ⊆ Xa for every n.
Since X∼n can be canonically identified with X ∗a ([1, Corollary 4.2, p. 23]),
{E[fn|pin]} converges weakly to 0 in Xa and hence in X .
Denote by co(E) the set of all convex combinations of elements in E.
Since {E[fn|pin]} converges weakly to 0, we obtain that
0 ∈ co({E[fn|pin] : n ≥ k)}σ(X ,X
∗)
= co({E[fn|pin] : n ≥ k)}‖·‖X
for every k ≥ 1. Then we can find a strictly increasing sequence {pk} and
hk ∈ co({E[fn|pin] : pk−1 < n ≤ pk}) (p0 := 0) such that ‖hk‖X ≤ 12k for
every k. It follows that hk
o−→ 0. Write
hk =
pk∑
n=pk−1+1
aknE[fn|pin]
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where 0 ≤ akn ≤ 1 and
pk∑
n=pk−1+1
akn = 1 for every k. Since E[f−fn|pin] o−→ f ,
pk∑
n=pk−1+1
aknE[f − fn|pin] o−→ f.
Therefore,
pk∑
n=pk−1+1
aknE[f |pin] =
 pk∑
n=pk−1+1
aknE[f − fn|pin]
+ hk o−→ f.
Since
∑pk
n=pk−1+1 aknE[f |pin] ∈ C for every k and C is order closed, we
conclude that f ∈ C.
Thus, E[f |pi] ∈ C for any pi ∈ Π implies f ∈ C. The reverse implication is [4,
Proposition 2]. 
Now, we are already to prove the main result of this section. This result gener-
alizes Corollary 4.6 in [9].
Theorem 2.4. The following are equivalent for a convex law-invariant set C in
X :
(1) C is order closed.
(2) C is σ(X ,X∼n )-closed.
(3) C is σ(X , L∞)-closed.
If X 6= L1, they are also equivalent to the following:
(4) C is σ(X ,X∼uo)-closed.
Proof. As stated at the beginning of the section, (3) =⇒ (2) =⇒ (1) always
holds. If X 6= L1, L∞ ⊆ X∼uo ⊆ X∼n by Lemma 2.2 and hence, (3) =⇒ (4) =⇒
(2). Thus, it is enough to show that (1) =⇒ (3). Suppose that C is order
closed. Then C is norm closed and hence weakly closed. Let f be an element in
the σ(X , L∞)-closure of C. There is a net {fα} ⊆ C such that
fα
σ(X ,L∞)−−−−−→ f.
For a partition pi = {A1, . . . , An} ∈ Π and ϕ ∈ X ∗, we have
ϕ(E[fα|pi]) =
∫
Ω
fα
n∑
i=1
ϕ(χAi)
µ(Ai)
χ
Aidµ→
∫
Ω
f
n∑
i=1
ϕ(χAi)
µ(Ai)
χ
Aidµ = ϕ(E[f |pi]).
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Thus, {E[fα|pi]} converges weakly to E[f |pi]. Note that each E[fα|pi] lies in C by
Theorem 2.3. Since C is weakly closed, we obtain that E[f |pi] ∈ C. By Theorem
2.3 again, we deduce that f ∈ C. This proves that C is σ(X , L∞)-closed. 
3. Quasiconvex law-invariant functionals with the Fatou property
In this section, we give some applications of Theorem 2.4. First, we present some
relations between the Fatou property and τ -lower semicontinuity (τ = σ(X ,X∼n ),
σ(X ,X∼uo), σ(X , L∞), or ‖·‖X ) for any proper quasiconvex law-invariant functional
on an r.i. space X . Second, we show that the strong Fatou property and the Fatou
property coincide whenever X 6= L1. Finally, we provide some generalizations of
extension results by Gao et al. [9].
The following result generalizes Theorem 1.1 in [9] and Proposition 11 in [4].
Theorem 3.1. Let ρ : X → (−∞,∞] be a proper quasiconvex law-invariant func-
tional. Then the following are equivalent:
(1) ρ has the Fatou property.
(2) ρ is σ(X ,X∼n )-lower semicontinuous.
(3) ρ is σ(X , L∞)-lower semicontinuous.
If X 6= L1, they are also equivalent to the following:
(4) ρ is σ(X ,X∼uo)-lower semicontinuous.
Proof. Note that ρ has the Fatou property if and only if the sublevel set {ρ ≤ λ}
is order closed for every λ ∈ R. Since ρ is quasiconvex and law-invariant, each
sublevel set {ρ ≤ λ} is convex and law-invariant. The conclusion follows from
Theorem 2.4. 
As a consequence, any law-invariant coherent risk measure with the Fatou prop-
erty on X admits the Fenchel-Moreau dual representation via X∼n . In fact, Theorem
3.1 and the Fenchel-Moreau duality formula imply the following dual representa-
tion.
Corollary 3.2. Let ρ : X → (−∞,∞] be a proper convex law-invariant functional
with the Fatou property. Then we have
ρ(f) = sup
g∈X∼n
(∫
Ω
fgdµ− ρ∗(g)
)
= sup
g∈L∞
(∫
Ω
fgdµ− ρ∗(g)
)
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for every f ∈ X , where
ρ∗(g) = sup
f∈X
(∫
Ω
fgdµ− ρ(f)
)
for every g ∈ X∼n . When X 6= L1, the first supremum can be equivalently taken
over X∼uo.
Applying Theorem 3.1 to [4, Corollary 5], we also obtain the following ”localiza-
tion” property.
Corollary 3.3. Let ρ1, ρ2 : X → (−∞,∞] be proper quasiconvex law-invariant
functionals with the Fatou property. Then ρ1 = ρ2 whenever ρ1 and ρ2 coincide on
L∞.
Recall that any functional with the Fatou property is automatically norm lower
semicontinuous. In [15], Jouini et al. showed that for any proper convex law-
invariant functional ρ : L∞ → (−∞,∞], norm lower semicontinuity of ρ implies
the Fatou property. However, for Orlicz spaces, this implication is not always true.
In fact, Gao et al. in [9] proved that the same implication remains true for every
proper quasiconvex law-invariant functional on an Orlicz space Lφ if and only if
φ satisfies the ∆2 condition. The ∆2 condition of φ is equivalent to the order
continuity of Lφ. We extend this result to general r.i. spaces.
Theorem 3.4. The following are equivalent:
(1) For any proper quasiconvex law-invariant functional ρ : X → (−∞,∞], the
Fatou property and norm lower semicontinuity of ρ are equivalent.
(2) For any proper convex law-invariant functional ρ : X → (−∞,∞], the Fatou
property and norm lower semicontinuity of ρ are equivalent.
(3) either X = L∞ or X is order continuous.
Proof. (1) =⇒ (2) is clear.
(2) =⇒ (3). Suppose that X 6= L∞ and X is not order continuous. Then
L∞ ⊆ Xa $ X by Lemma 2.2. Observe that Xa is law-invariant. To see this, let
g ∈ X have the same distribution as some f ∈ Xa. For every n, both fχ{|f |≤n} and
gχ{|g|≤n} are in L∞ and they have the same distribution. It follows that
lim
n→∞
∥∥gχ{|g|≤n}∥∥X = limn→∞∥∥fχ{|f |≤n}∥∥X = ‖f‖X = ‖g‖X
by order continuity of Xa. Since L∞ ⊆ Xa and Xa is norm closed, we deduce that
g ∈ Xa. Hence, Xa is law-invariant.
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Set
C =
{
f ∈ Xa :
∫
Ω
fdµ ≥ 0
}
.
Clearly, af + bg ∈ C for every f, g ∈ C and a, b ≥ 0. In particular, C is convex.
Since Xa is law-invariant, C is also law-invariant. We will show that C is norm
closed but not order closed.
Let f be an element in the norm closure of C. Then there is a sequence {fn} ⊆ C
which norm converges to f . Since χΩ ∈ X ∗,∣∣∣∣∫
Ω
fndµ−
∫
Ω
fdµ
∣∣∣∣ ≤ ‖fn − f‖X ‖χΩ‖X ∗ → 0.
Hence,
∫
Ω
fdµ ≥ 0. Since Xa is norm closed, we see that f ∈ Xa. Therefore, f ∈ C.
This shows that C is norm closed.
Now, suppose that C is order closed. Let g be a nonnegative element in X\Xa
and λ ≥ ∫
Ω
gdµ. Set
fn = λχΩ − gχ{g≤n}
for every n ∈ N and f = λχΩ − g. Clearly, fn o−→ f . Since {fn} ⊆ L∞ ⊆ Xa and∫
Ω
fndµ ≥ λ −
∫
Ω
gdµ ≥ 0, we obtain that {fn} ⊆ C and hence, f ∈ C by the
order closedness of C. It follows that f ∈ Xa and hence, g = λχΩ − f ∈ Xa, a
contradiction. Thus, C is not order closed.
Define a functional ρ : X → [−∞,∞] by ρ(f) = inf{m ∈ R : f + mχΩ ∈ C} if
f + mχΩ ∈ C for some m ∈ R and ρ(f) = ∞ elsewhere. Clearly, ρ is proper and
does not attain the value −∞. Since C is convex and law-invariant, ρ is convex
and law-invariant. Observe that C ⊆ {ρ ≤ 0}. If ρ(f) < 0, then there exists m < 0
such that f+mχΩ ∈ C. Since −mχΩ ∈ C, we obtain that f = f+mχΩ−mχΩ ∈ C.
If ρ(f) = 0, then f lies in the norm closure of C. Since C is norm closed, it follows
that f ∈ C. Thus, we deduce that C = {ρ ≤ 0}. As a consequence, each sublevel
set {ρ ≤ λ} = {f ∈ X : ρ(f +λχΩ) ≤ 0} is norm closed and hence, ρ is norm lower
semicontinuous. However, since {ρ ≤ 0} = C is not order closed, ρ fails the Fatou
property. This contradicts (2). Thus, either X = L∞ or X is order continuous.
(3) =⇒ (1). Clearly, every functional with the Fatou property is norm lower
semicontinuous. If X = L∞, then (1) holds by [15, Remark 4.4] and Theorem
2.4. If X is order continuous, then σ(X ,X∼n ) is just the weak topology on X . Let
ρ : X → (−∞,∞] be a proper quasiconvex law-invariant functional that is norm
lower semicontinuous. Note that any norm closed convex in X is weakly closed
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and hence σ(X ,X∼n )-closed. It follows that ρ is σ(X ,X∼n )-lower semicontinuous.
By Theorem 3.1, ρ has the Fatou property. 
In [13], Gao and Xantos introduced another Fatou-type property of risk measures
which is known as the strong Fatou property. A functional ρ on an r.i space X
is said to have the strong Fatou property if ρ(f) ≤ lim infn ρ(fn) whenever {fn}
is norm bounded and converges a.e. to f in X . Clearly, any functional with the
strong Fatou property has the Fatou property. When X 6= L1 is an Orlicz space,
the Fatou property and the strong Fatou property are equivalent for any proper
quasiconvex law-invariant functional on X ([9]). When X = L1, the functional
ρ : X → (−∞,∞], defined by
ρ(f) =
∫
Ω
fdµ, f ∈ L1,
is a proper convex law-invariant functional which has the Fatou property but not
the strong Fatou property (see [4, Example 7]). In case X 6= L1 is an order
continuous r.i. space, Chen et al. [4] showed that the same equivalence remains
true. The next theorem shows that in fact the equivalence holds for any r.i. space
X 6= L1.
Theorem 3.5. The following are equivalent:
(1) For any proper quasiconvex law-invariant functional ρ : X → (−∞,∞], the
Fatou property and the strong Fatou property of ρ are equivalent.
(2) For any proper convex law-invariant functional ρ : X → (−∞,∞], the Fatou
property and the strong Fatou property of ρ are equivalent.
(3) X 6= L1.
Proof. It is enough to show that (3) =⇒ (1). Suppose that X 6= L1. Let
ρ : X → (−∞,∞] be a proper quasiconvex law-invariant functional with the Fatou
property. We will show that ρ has the strong Fatou property. Let {fn} be a norm
bounded sequence in X that converges a.e. to f ∈ X . Then fn uo−→ f and hence,
fn
σ(X ,X∼uo)−−−−−→ f . Since ρ is σ(X ,X∼uo)-lower semicontinuous (Theorem 3.1), it follows
that ρ(f) ≤ lim infn ρ(fn). Thus, ρ has the strong Fatou property. 
We end this section by providing some generalizations of extension results by
Gao et al. [9]. Theorem 3.6 extends to r.i. spaces a version of the Filipovic´ and
Svindland [6] extension result obtained by Gao et al. [9]. In Theorem 3.7, we
extend to r.i. spaces the representation for law-invariant risk measures obtained
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by Kusuoka [17] in the coherent case, generalized by Fritteli and Rosazza Gianin
[8] to the convex case and extended by Gao et al. [9] to Orlicz spaces. For any
functional ρ : X → (−∞,∞], denote by ρ|L∞ the restriction of ρ on L∞.
Theorem 3.6.
(1) If ρ : X → (−∞,∞] is a proper quasiconvex law-invariant functional with the
Fatou property, then its restriction to L∞ is also proper and has the Fatou
property.
(2) Any proper quasiconvex law-invariant functional ρ : L∞ → (−∞,∞] with the
Fatou property admits a unique proper quasiconvex law-invariant extension to
X with the Fatou property.
Proof.
(1) Pick any f0 ∈ X such that ρ(f0) < ∞. Since the sublevel set C := {f ∈
X : ρ(f) ≤ ρ(f0)} is convex, law-invariant, order closed and contains f0, it
follows from Theorem 2.3 that
∫
Ω
f0dµ · χΩ ∈ C. Thus, ρ
(∫
Ω
f0dµ · χΩ
)
< ∞
and hence, ρ|L∞ is proper. Since any order convergent sequence in L∞ order
converges in X , we deduce that ρ|L∞ has the Fatou property.
(2) By [6, Theorem 2.2], ρ admits a proper quasiconvex law-invariant extension ρ¯
to L1 that is L1-norm lower semicontinuous. Denote by ρ′ the restriction of ρ¯
on X . Then it is proper, quasiconvex and law-invariant. Since χΩ ∈ X∼n , any
order convergent sequence in X norm converges in L1 to the same limit. It
follows that ρ′ has the Fatou property. The uniqueness follows from Corollary
3.3.

In the final result, we apply the foregoing results to the dual representation of
certain risk measures. Denote by P((0, 1]) the set of all probability measures over
(0, 1].
Theorem 3.7. Let ρ : X → (−∞,∞] be a proper convex law-invariant cash-
additive risk measure with the Fatou property. Then there exists a proper convex
functional γ : P((0, 1])→ (−∞,∞] such that
ρ(f) = sup
ν∈P((0,1])
(∫
(0,1]
ESα(f)dν(α)− γ(ν)
)
for every f ∈ X .
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Proof. By Theorem 3.6, ρ|L∞ is a proper convex law-invariant cash-additive risk
measure with the Fatou property. By [7, Theorem 4.62], we have
ρ|L∞(f) = sup
ν∈P((0,1])
(∫
(0,1]
ESα(f)dν(α)− γ(ν)
)
for every f ∈ L∞, where
γ(ν) = sup
f∈L∞,ρ(f)≤0
∫
(0,1]
ESα(f)dν(α)
for every ν ∈ P((0, 1]). Define ρ′ : X → (−∞,∞] by
ρ′(f) = sup
ν∈P((0,1])
(∫
(0,1]
ESα(f)dν(α)− γ(ν)
)
for every f ∈ X . Note that ρ′ is a proper convex law-invariant cash-additive risk
measure with the Fatou property. Since ρ and ρ′ coincide on L∞, it follows from
Corollary 3.3 that ρ = ρ′. 
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